We investigate a dilute Fermi gas of polar molecules confined into a bilayer setup with dipole moments polarized perpendicular to the layers. In particular, we consider the extreme case of population imbalance, where we have only one particle in one layer and many particles in the other one. The single molecule is attracted by the dilute Fermi-gas through the inter-layer dipoledipole force presenting an interesting impurity problem with longrange anistropic interaction. We calulate the chemical potential of the impurity, in second order perturbation theory and in ladder approximation with a Brueckner-Hartree-Fock approach. Moreover, we determine the momentum relaxation rate of the impurity, which is related to the "dipolar" drag effect. For a confined system we relate the results for the chemical potential with the measurement of the collective modes of the impurity. The momentum relaxation rate provide instead an estimate on how quickly the oscillations are damped.
I. INTRODUCTION
During the last years ultracold dipolar gases have attracted great interest because the dipole-dipole interaction (DDI) drastically changes the nature of quantum degenerate regimes compared to ordinary short-range interacting gases [1, 2] . In recent experiments polar molecules in the ground ro-vibrational state has been created [3, 4] and cooled towards quantum degeneracy [3] . The main obstacle is the decay of the system due to ultracold chemical reactions found in recent experiments [5] . However, if the molecules are confined in a 2D geometry and oriented perpendicularly to the plane of their motion by a strong external electric field, these reactions are expected to be suppressed by the intermolecular repulsion [6] . Bilayer arrangements with this dipolar orientation are particularly interesting, since they allow for both, stability against chemical reactions and effects induced by the anisotropy of the DDI. The attractive inter-layer interaction gives rise to a peculiar two dimensional scattering behaviour and bound states [7] [8] [9] and may induce interesting phenomena like inter-layer pairing and superfluidity [9] [10] [11] and non-local state-changing collisions [12] . Notice that the bilayer system can be also thought as a single layer system with two different species interacting through the intra-layer and the inter-layer DDI. Until now only the balanced situation with an equal number of particles in both layers has been studied.
For atomic short-range interacting Fermi gases of different species (e.g. atoms in two different hyperfine states) however, imbalanced and in particular highly imbalanced gases have been extensively studied experimentally [13] and theoretically (see, e.g., the recent review [14] and references therein). The building block for the understanding of such systems is the solution of the limiting case of a single impurity atom interacting via a short range potential with an ideal atomic Fermi gas. Such a problem is not only relevant in the field of ultracold gases, since it is related to the so-called impurity problem, which is present also in other areas of physics. Analogously it is interesting to study the bilayer system of polar molecules with a high population imbalance, resembling an impurity interacting via the inter-layer DDI with a Fermi gas (see Fig. 1 ). In the following we call the single particle in one layer impurity or Fermi-polaron or polaron in analogy with electrons in a crystal dressed by the bosonic (phonon) bath.
An important quantity characterizing the impurity is its chemical potential, namely the (in our case negative) energy difference of the ground state with and without the impurity at rest. We will sometimes call this quantity also interaction energy or binding energy. For shortrange interacting Fermi gases this quantity has been successfully calculated with various methods in one [15, 16] , two [17] [18] [19] [20] and three dimensions [21] [22] [23] .
In this paper we investigate the problem of an impurity in one layer (A) interacting via the DDI with the Fermi gas phase in the other layer (B) as sketched in Fig. 1 ). Assuming no inter-layer tunnelling we calculate the chemical potential of the impurity in second order perturbation theory and in ladder approximation using a Brueckner Hartree Fock approach. It has been shown in [21, 24] that for short range interacting atomic gases the latter is equivalent to a self-consistent T-matrix approach and a variational ansatz, which have been applied succesfully to the polaron problem. Moreover, we study some dynamical properties of the impurity: we estimate the momentum relaxation rate and calculate the eigenfrequency of the impurity in an external trap. Note that we consider through the whole paper weak interactions and a dilute Fermi gas of polar molecules.
The structure of the paper is as follows: in section II A we introduce the relevant physical quantities and study the polaron energy in second order perturbation theory. In section II B we extend our analysis to higher orders and calculate the chemical potential in ladder approximation within Brueckner-Hartree-Fock approach. In section III we estimate the momentum relaxation time of a moving impurity. Finally in section IV we use our results for homogeneous systems to investigate the motion of the impurity in an external trap using the local density approximation.
II. CHEMICAL POTENTIAL

A. Second order perturbation theory
The model Hamiltonian can be written as
where ǫ k is the single particle energy and c † pσ (c pσ ) creates (annihilates) a fermionic particle with momentum p in layer σ = {A, B}. The inter-layer and intra-layer dipolar interaction potentials are V σσ and V AB , respectively. Note that up to second order the inter-layer and the intra-layer interaction decouple, such that the energy of the impurity does not depend on the intra-layer interaction. At higher orders, processes mediated by the intra-layer interaction might become important and have to be taken into account in the calculation of the chemical potential of the impurity. Thus in the following second order calculation we consider only the inter-layer interaction and we can omit the indices of the potential. The intra-layer interaction energy has been calculated in first order perturbation theory in Refs. [9, 25] For two molecules with mass m and dipole moment d placed in two layers at distance λ the DDI potential reads
with r being the relative distance in the plane of motion, whose Fourier transform is
In first order perturbation theory the interaction energy reads E
(1) = GS|H AB |GS , where |GS = | {n p1,B } , P is the ground state of the system with N B particles in layer B and one particle (the impurity) in layer A with momentum P. The first order contribution
where n B = N B /V is the particle density in layer B, vanishes. Indeed the potential is partitially attractive and partially repulsive such that it satisfies drV AB (r) = 0. Similiarly, the second order contribution can be found as
where n k,B = Θ(k F,B −k) denotes the Fermi-distribution at zero temperature. At rest (P = 0) this energy is the chemical potential of the impurity and in Sect. II B, we discuss it as a function of the dipole moment d, the interlayer distance λ and the Fermi-momentum k F,B of the gas in layer B.
B. Brueckner-Hartree-Fock approach
We calculate the polaron energy summing up the ladder diagrams for the inter-layer interaction only, which at low enough density (in layer B) should give the most relevant contribution. The basic equation is the BetheGoldstone integral equation for the reaction matrix [27] , also called effective interaction (e.g., for the 2D electron gas [28] ). In our case the Bethe-Goldstone integral equation for the effective interaction between a particle in layer B with momentum k 1 and the impurity atom in layer A with momentum k 2 can be written as
In Eq. (6) q is the momentum transfer, V (q) is the Fourier transform of the inter-layer potential (3), n k the Fermi distribution function at zero temperature. Note, that the interaction energy ǫ p has been included in the initial energy of excitation processes ǫ p +
2m . This interaction energy or correlation energy follows then selfconsistently from the mean value of the effective interac-
For k 2 = 0 one gets the rest correlation energy ǫ 0 p of the polaron, and by expanding this solution in k 
* . We remind that in Eq. (6) for the effective interaction only ladder diagrams are summed and the Fermi sea limits the momenta in the intermediate states.
For shortrange interacting Fermi gases the integral equation (6) cannot be solved directly due to the infinite hard core of the potential. Especially in 2D one has to renormalize the equation by replacing the potential through the off-shell scattering amplitude and solve the renormalized equation. We followed this strategy in Ref. [19] . However, the function of the inter-layer DDI V (q) as given by Eq.(3) goes to zero for small as well as for large arguments, such that it does not cause any divergencies. This allows for a direct numerical solution of Eq. (6) in our case. Then we can compare this solution with the one obtained by means of the renormalization strategy as discussed in [19] .
For our problem the Bethe-Goldstone equation (6) is a two-dimensional integral equation in the last argument of g(ǫ p , k 1 , k 2 ; q) which for k 2 = 0 can be written in units of k F,B as a Fredholm integral equation of the second kind
with the angles θ = ∡(k 1 , q) and φ = ∡(k 1 , k). In Eq. (7) we have introduced the dimensionless inter-layer dipolar potential
with r * = d 2 m/ 2 the length scale associated with the dipolar interaction and the kernel
The mean value of the solution of Eq. (7) gives the chemical potentialǫ
We can take as quantities characterizing the inter-layer DDI the dipolar strength r * k F,B and the inter-layer distance λk F,B . The quantity r * k F,B is also the strength of the intra-layer interaction in layer B for which we consider only small values, such that we are far away from the liquid-crystal phase transition [29] . In this case the intra-layer interaction could be taken into account by introducing renormalized Fermi liquid Landau parameters, which accounts, e.g., for an effective mass of the fermions in layer B [9] . Fig. 2 shows the numerical solution in ladder approximation (Eqs. (7), (9) and (10)) for r * k F,B = 0.5. The polaron energy is plotted as a function of the inverse inter-layer distance 1/(λk F,B ). For comparison the second order perturbation theory result as obtained from Eq. (5) is also reported. As mentioned above one can also solve Eq. (6) approximately by replacing the potential through the scattering amplitude. In Ref. [19] we obtained in that way for the shortrange interacting Fermi gas an approximate analytical solution for the polaron energy. The energy does not depend on the particular form of the interaction potential but only on the binding energy of the two-body bound state. We can apply the results of [19] for all potentials providing a normal scattering behaviour, governed in 2D by a logarithmic on-shell scattering amplitude. Scattering and bound states of the inter-layer dipolar potential has been analysed with different methods in detail in [7, 9] and one has that for a certain regime of parameters r * and λ the low-energy scattering is indeed of the normal logarithmic form. In this case the polaron energy reads [19] 
where |ǫ b | is now the binding energy of the two-body bound state of the inter-layer potential Eq. (3). This binding energy depends on r * and λ and has been calculated in [7] and [9] as well. Using this results we can calculate the polaron energy from Eq. (11) in the regime where the inter-layer potential provides a logarithmic low energy scattering amplitude. This condition is satisfied (3) as calculated in [7] .
for r * /λ 0.7 [7] . Fig. 3 illustrates the comparison of the results obtained from the numerical solution of Eqs. (7), (9) and (10) and formula (11) for r * k F,B = 0.5 and shows moreover the two-body binding energy for the inter-layer potential as obtained in [7] .
Since the self-consistent approach we use in this paper is equivalent to a variational ansatz with a polaron many body wave function, we expect that it cannot produce accurate results in the regime of strong two-particle interaction, where the particles are deeply bound in a molecular state. The investigation of this molecular regime is beyond the scope of our paper. Moreover it has been shown for short-range interacting Fermi gases that the molecular regime in 2D, differently to the three-dimensional case, occurs for very large interaction strength [18, 30] . For our case strong particle interaction means that for fixed r * k F,B the inverse inter-layer distance is very large. We find that for 1/(λk F,B ) ≫ 1 the polaron energy converges to ǫ 0 p ≈ |ǫ b | − 0.55ǫ F,B , which is in good agreement with the result in [18] for the polaron ansatz in the twodimensional shortrange interacting gas.
III. MOMENTUM RELAXATION RATE
In the previous section we have calculated the energy of the polaron as a function of the interaction strength.
We assumed the polaron is well defined with an energy given at finite momentum ǫ q = ǫ
, where m * ≃ m in the regime we have studied.
Here we concentrate on estimating the finite momentum relaxation rate, 1/τ P , of a polaron (gas), due the dipole interaction between the two layers, as a function of its momentum and of the temperature of the system. Such a quantity plays an important role in determining the transport properties -in particular the cross resistance -in double-layer semiconductor structures (see e.g., [31] and reference therein) or double-layer graphene systems (e.g., [32] ). Indeed in coupled two-dimensional electron gases the electron-electron scattering between the two layers gives rise to the Coulomb drag effect, where a "drag" current is induced purely from the momentum exchanges through inter-layer electron-electron scattering events. In a different context the polaron momentum relaxation rate (or spin-drag [33] ) has already been calculated for a three-dimensional highly polarized spin-1/2 Fermi gases, where the interaction is short range [34] .
In a real polaron experiment one will have in the upper layer a gas at very low density n A , much smaller than the lower layer density n B . We take the gas in A to have a momentum per unit volume P A = n A mv, with v the average velocity of the gas. We also assume that in both layers the gases are described by free quasi-particles in thermal equilibrium at temperature T whose distribution functions are
, with β = 1/k B T and f (x) = 1/(e x + 1) the Fermi distribution. The single particle energies are ǫ pA(B) = p 2 /2m. The term p · v boosts the A-layer distribution function by a velocity v.
The momentum relaxation rate τ P is defined by
We will explicitly give the expressions of τ P for relevant cases, closely following the calculation for the Coulomb drag between parallel two-dimensional electron gas by Jauho and Smith [35] .
The rate of change of the momentum of the dipolar gas in layer A due to the scattering from atoms/molecules in the layer B reads
with w(q) the probability transition for the scattering process
Taking the continuum limit and introducing the density-density response function for the layer X = A, B
Eq. (13) one gets
Since we are interested in the low temperature behaviour we can use the zero temperature response function in the previous expression. Moreover for the aim of the present paper we just use the golden rule for the collision probability with the bare dipolar potential, i.e., w(q) = 2π|V (q)| 2 / (but see text below). Analytical expressions for the relaxation rate are possible in some limiting cases. We are interested in particular in the dependence of τ P on the various parameters at low-T and low-v.
a. Velocity dependence at T = 0. Assuming zero temperature and low velocity such that mv ≪ k F,A , with k F,A the Fermi momentum in the layer A, we can use the expression Imχ A(B) ≃ m 2 ω/(2 3 qk F,A(B) ) [35] in Eq. (15) . We can then write the momentum relaxation time as
b. Temperature dependence at very low-v. In this case we find the leading term at small temperature. Such a result is usually the one of main interest in solid state physics. Assuming that the temperature is low enough that the gases in both layers are degenerate, but vk F,A < k B T , we can again use the low-frequency expression for Imχ A(B) and we obtain
General arguments on the phase space restriction for the collisions suggest that the leading terms are indeed v 2 and T 2 . Within our approximations we find a 1/λ 4 dependence at finite temperature and at zero-temperature a 1/λ 6 dependence. It is worth noticing that the same finite temperature dependence on the layers' distance has been found for large enough inter-layer separation for a double layer electron gas [35] and graphene [32] due to the screening of the Coulomb potential. Indeed the screened Coulomb potential within random phase approximation has the same functional form of the dipole inter-layer potential [36] .
In the random phase approximation the effective dipolar potential due to (static) screening in the layer-B for exchange momentum q < 2k F reads
where we used the static value of the polarizability of a two dimensional ideal Fermi gas Thus in our case (due to the different scaling of the dipolar potential with respect to the Coulomb one) for large inter-layer separation, r * /λ ≤ 1, we can consider the unscreened potential and find Eqs. (16) and (17) .
IV. CONSIDERATIONS ON EXPERIMENTS WITH ULTRA-COLD TRAPPED GASES
In the previous sections we consider an uniform twodimensional gas. In most of the experiment on cold gases an external parabolic confinement is present. In particular a two dimensional configuration is realized provided the confinement is strong enough to freeze the motion in one direction, e.g., along z. For a cylindrical symmetric trapping the potential in the other remaining directions x, y can be written as
Within Hartree-Fock approximation for the energy of the system the density profile of the gas in such a potential can be determined by a variational Thomas-Fermi ansatz which in 2D is simply an inverted parabola
where N is the number of atoms/molecules and R ⊥ is the variational radius. We notice that since we consider that the dipoles are oriented perpendicularly to the plane we do not need to consider deformations of the Fermi surface (see, e.g., for the 2D case [37, 38] ). A double layer configuration can also be realized, e.g., by means of selecting two wells in an one-dimensional optical lattice. For the sake of simplicity in the dscussion we assume that the two dimensional confining potential is the same for both layers.
The polaron energy depends on the density of the layer B through k F,B . Thus in a local density approach the polaron feels an effective external potential
where we assume the density in the layer B, n B has the shape (20) . If it is possible to excite the dipole mode for the polaron [39] , i.e., the frequency of small oscillations of a dilute polaron gas, one will find a value of its frequency ω p larger than the bare value ω ⊥ . In particular using the simple expression Eq. (11) In order to measure the frequency Eq. (22) the dipole mode should decay slowly such that enough oscillations occur. The damping time of such oscillation is related to the momentum relaxation time studied in Sect. V (as explained in [34] ). In particular if ω p τ p ≫ 1 the dipole mode is collisionless and thus weakly damped, while if ω p τ p ≪ 1 the mode is hydrodynamic and therefore overdamped.
It is worth mentioning that for a short-range interacting spin-1/2 Fermi gas the frequency of the quadrupole [40] and dipole [41] polaron modes and their decay rates has been recently measured providing informations on the Landau parameters of the unbalanced normal phase of the gas [39] and a new insight in the transport properties of strongly interacting Fermi system [41] .
V. CONCLUSION
In conlusion, we calculated the energy of a dipolar polaron in a double layer configuration for relatively weak interactions assuming the bath being in its Fermi liquid phase. In the same spirit we determined the momentum relaxation rate of a (gas of) polaron as a function of the gas' speed and of the temperature of the system. The latter one is related to the well known drag effect in a double layer electronic structure. Furthermore, we estimated the frequency shift and decaying time of the out-of-phase or dipolar mode in a trapped configuration, which should correspond to a realistic experimental implementation of our system.
